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This exam contains 8 pages (including this cover page) and 3 problems. Check to see if any pages are missing
and ensure that all required information at the top of this page has been filled in.

No aids are permitted on this examination. Examples of illegal aids include, but are not limited to textbooks,
notes, calculators, or any electronic device.

Unless otherwise indicated, you are required to show your work on each problem on this exam. The following
rules apply:

e Organize your work, in a reasonably neat and coher- Problem | Points | Score
ent way, in the space provided. Work scattered all over
the page without a clear ordering will receive very little 1 8
credit. 2 13
e Mysterious or unsupported answers will not re- 3 9
ceive full credit. A correct answer, unsupported by
calculations, explanation, or algebraic work will receive Total: 30

no credit; an incorrect answer supported by substan-
tially correct calculations and explanations might still
receive partial credit.

e If you need more space, use the back of the pages; clearly
indicate when you have done this.
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1. (a) (2 points) Give any equivalent definition of the statement, “K C R™ is compact”.
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(b) (3 points) Give an example of a compact set. You do not need to prove the set is compact. Give
an example of a non-compact set, and say why your set is not compact.
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(c) (3 points) Prove that if K C R™ is compact and f : R” — R* is continuous, then f(K) is compact.
(Make note of the point value of this problem and budget your time accordingly)
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2. (a) (4 points) Prove that lim, (0,0 \/% =0
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(b) (3 points) State the e-d definition of continuity for a function f : R™ — R¥. State the definition of
what it means for f : R® — R* to be uniformly continuous.
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(¢) (2 points) Give an example of a continuous function which is not uniformly continuous. You do
not need to prove that your example is not uniformly continuous.
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(d) (4 points) Show that if {3} C R" is Cauchy and f : R® — R* is uniformly continuous, then
{f(zx)} C R* is Cauchy.
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3. (a) (2 points) State the definition of, “S C R™ is not connected”
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(b) (4 points) Show that a finite set of points S = {p1, ..., pr} C R™, where py # pa # -+ # pg, is not
connected.
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(c) (3 points) Recall from class that {(z,y) € R?*|z # 0} is not connected.

Prove that S = {(z,y) € R? |z # 0}U{(0,0)} is connected. (Hint: Showing this by directly negating
the definition is hard. Do you know a better way?)
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